CONTACT FLOWS AND INTEGRABLE SYSTEMS 

Bozidar Jovanovic and Vladimir Jovanovic 



Mathematical Institute SANU, Serbian Academy of Sciences and Arts 
Kneza Mihaila 36, 11000 Belgrade, Serbia 
E-mail: bozaj@mi.sanu.ac.rs 

Faculty of Sciences, University of Banja Luka 
Mladena Stojanovica 2, 51000 Banja Luka, Bosnia and Herzegovina 
E-mail: vlajov@blic.net 



Abstract. We consider Hamiltonian systems restricted to the hypersurfaces 
of contact type and obtain a partial version of the Arnold-Liouville theorem: 
the system not need to be integrable on the whole phase space, while the 
invariant hypersurface is foliated on invariant Lagrangian tori. In the second 
part of the paper we consider contact systems with constraints. As an example, 
it is shown that the well known Reeb flows on Brieskorn manifolds are contact 
integrable in a non-commutative sense. 
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1. Introduction 

Usually, integrable systems are considered within a framework of symplectic or 
Poisson geometry, but there is a well defined non-Hamiltonian setting as well (e.g., 
see [6l 135] ) . Among these uncommon integrable theories is a contact integrability 
studied in [3l 1311 1211 1201 1181 [9] . The aim of this paper is to stress some natural 
applications of contact integrability to the Hamiltonian systems and to provide 
examples of contact integrable flows. 

1.1. Contact flows and the Jacobi bracket. We start with some basic 
definitions in contact geometry. A contact form a on a (2n + l)-dimensional ma- 
nifold M is a Pfaffian form satisfying a A {da)"' ^ 0. By a contact manifold 
{MjH) we mean a connected (2n + l)-dimensional manifold M equipped with a 
nonintegrable contact (or horizontal) distribution "H, locally defined by a contact 
form: TLlu = ker a\u, U is an open set in M 22j. Two contact forms a and a' 
define the same contact distribution H on U if and only if a' — aa for some nowhere 
vanishing function a on U. 

The condition a A (da)" ^ implies that the form da\x is nondegenerate 
(symplectic) structure restricted to Hx- The conformal class of da\x is invariant 
under the change a' = aa. If V is a linear subspace of Hx, then we have well defined 
its orthogonal complement in T-Lx with respect to da\x, as well as the notion of the 
isotropic (V C orth^V), coisotropic (V D orth-^ V) and the Lagrange subspaces 
(V = orth-H V) of Tlx ■ A submanifold TV C M is pre-isotropic if it transverzal to 
T-L and if Gx = TxN n Hx is an isotropic subspace of 7ix, x G N. The last condition 
is equivalent to the condition that distribution Q — [J^ Gx defines a foliation. It 
is pre-Legendrian submanifold if it is of maximal dimension n + I, that is is a 
Lagrangian subbundle of Ti. 

A contact diffeomorphism between contact manifolds {M,T-L) and (A/',H') is a 
diffeomorphism cj) : M M' such that (j)^,'H = %' . An infinitesimal automorphism 
of a contact structure (Af, %) is a vector field X, called a contact vector field such 
that its local 1-parameter group is made of contact diffeomorphisms. Locally, if 
T-L — kera, then Cxa — Aa, for some smooth function A. 

From now on, we consider co-oriented (or stricly) contact manifolds (Af, a), 
where contact distributions % are associated to globally defined contact forms a. 
The Reeh vector field Z is a vector field uniquely defined by 

(1.1) iza = 1, izda = 0. 

The tangent bundle TM and the cotangent bundle T*M are decomposed into 
TM = Z ®n and T*M = H° ® Z°, where Z = RZ is the kernel of da, Z° 
and "H*^ = Ma are the annihilators of Z and H, respectively. The sections of Z° 
are called semi-basic forms. Whence, we have decompositions of vector fields and 
1-forms 

(1.2) X^{ixa)Z + X, T] {izv)a + fi, 
where X is horizontal and fj is semi-basic. 
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The mapping a' : X t-^ —ixda carries X onto a semi-basic form. The form da 
is non-degenerate on V. and the restriction of to horizontal vector fields is an 
isomorphism whose inverse will be denoted by a". The vector field 

(1.3) Yf^fZ + Yf, Yf = aHdf). 
is a contact vector field {CyfOt — Z(f)a) and 

(1.4) x = Yf 

is called contact Hamiltonian equation corresponding to /. Notice that Z = Yi and 
/ = ivja. 

The mapping f ^ Yf is a Lie algebra isomorphism (^[/^g] = [1/,!^]) between 
the set C°°(M) of smooth functions on M and the set M of infinitesimal contact 
automorphisms. Here, the Jacobi bracket [■, ■] on C°°{M) is defined by (see |22] ) 

(1.5) [f,g] = da{Yf,Yg) + fZ{g) - gZ{f) = Yf{g) - gZ{f). 

The Jacobi bracket does not satisfy the Leibniz rule. However, within a class 
of functions that are integrals of the Reeb fiow, C^{M) = {/ G C°°(M) | Z{f) = 
[1, /] = 0}, the Jacobi bracket have properties as the usual Poisson brackets: 5 is a 
integral of (jl.4p if and only if [5, /] = and if gi and (72 are two integrals of (jl.4p . 
then [51,52] is also a integral. 

1.2. Contact integrability. A Hamiltonian system on 2n-dimensional sym- 
plectic manifold P is noncommutatively integrable if it has 2n — r almost everywhere 
independent integrals Fi, F2, . . . , -F2n-r and Fi, . . . ,Fr commute with all integrals 

(1.6) {F,,Fj} = 0, j = l,...,r, i = l,...,2n-r. 

Regular compact connected invariant manifolds of the system are isotropic tori, 
generated by Hamiltonian flows of Fi, . . . , f^- In a neighborhood of a regular torus, 
there exist canonical generalized action-angle coordinates such that integrals F^, 
i = 1, . . . , r depend only on actions and the flow is translation in angle coordinates 
(see Nehororshev [27] and Mishchenko and Fomenko f24]). If r = n we have the 
usual commutative integrability described in the Arnold-Liouville theorem |2j . 

Noncommutative integrability of contact flows can be stated by the following 
theorem. 

Theorem 1.1. |18| Suppose we have a collection of integrals /i, /2, . . . , f2n-r 
of equation (jl.4p on a {2n + 1)- dimensional co-oriented contact manifold {M,a), 
where f — fi or f — \ and: 

(1.7) [l,/,;]=0, [/,;,/,]=0, * = l,...,2n-r, i = l,...,r. 

Let T be a compact connected component of the level set {/i = ci, . . . , /2n-r = 
C2n-r} anddfiA- ■ ■Adf2n-r 7^ on T. Then T is diffeomorphic to a pre- isotropic r-\- 
1-dimensional torus T'^^. There exist a neighborhood U ofT and a diffeomorphism 
(t>:U ^ r+i X D, 

(1.8) (j){x) ^ {e,y,x) = {eo,ei,...,er,yi,.-.,yr,Xi,...,X2s), s = n-r, 
where D C E^"^'',, such that 
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(i) a has the following canonical form 

(1.9) aa = {(l)^'^)*a yod9o + yiddi H h yrd0r + gidxi H h g2sdx2s, 

where yo is a smooth function of y and gi, . . . , g2s are functions of {y,x); 

(ii) the flow ofYf on invariant tori is quasi-periodic 

(1.10) (0o,^l,...,^r) ^ (eo+tcJo,^?l+icj2,...,0r+tt^r), * G K, 

where frequencies wq, . . . , oj^ depend only on y. 

Note that we can define the notion of noncommutative integrability of contact 
equations i = X on contact manifolds (M, T-L) without involving globally defined 
contact a (for more details see |18| ). 

The case r = n corresponds to contact commutative integrability defined by 
Banyaga and Molino, where the invariant tori are pre-Legendrian |3] (see also 
[20L [9]). Slightly different notion of (commutative) contact integrability in terms 
of the modified Poisson (or the Jacobi-Mayer) bracket (•,•) [14] . 

(/, g)aA {da)" ^ndf Adg AaA (da)"-\ 

is given by Webster [31j . Note that the modified Poisson bracket satisfies the 
Leibniz rule, but does not satisfy the Jacobi identity. 

1.3. Outline and results of the paper. In section 2 wc consider integrable 
Hamiltonian systems restricted to the hypersurfaces of contact type and prove that 
the appropriate Reeb flows are examples of contact integrable systems (Theorem 
12. ip . This is a contact analogue of the construction of integrable geodesic flows by 
the use of the Maupertuis principle [7] . As an example, a contact algebraic hyper- 
surface of degree 4 in {M.'^"~^'^{q,p), dp A dq) with a integrable Reeb flow associated 
to the Gefand-Cetin system on ^(n + 1) is given (Proposition 2.1). 

As a bi-product, in Section 3, we obtain a statement on isoenergetic integrabil- 
ity fTheorem l3.11 Corollarv l3.ip . where the system not need to be integrable on the 
whole phase space, but the relation (II. 6p holds on a fixed isoenergetic hypersurface 
M of contact type. Then, as in the case of usual (non-commutative) integrability, 
M is foliated on invariant (isotropic) Lagrangian tori with quasi-periodic dynamics. 

The construction of partial integrals for natural mechanical systems, on a fixed 
isoenergetic hypersurface, is studied by Birkhoff [4t, '5]. Although the problem is 
classical and some variants of restricted integrability on invariant manifolds are 
already studied (see j29j and references therein) , Theorem 13.11 is a benefit of a 
noncommutative contact integrability given in |18j . 

The situation is also closely related to a notion of systems of Hess-Appel'rot 
type |12L I17L I13j . where the invariant manifold is foliated on Lagrangian tori, but 
not with quasi-periodic dynamics (see Corollarv l3.2l) . 

In Section 4 we consider contact fiows with constraints and derive the contact 
version of Dirac's construction for constrained Hamiltonian systems (Theorem [571]) ■ 
As an example, in Section 5 we start from a iiT-contact sphere S'^'"'^^ (see [33]) with a 
contact integrable Reeb fiow (Proposition [521) • Then, in the rank 1 case, we change 
our contact manifold by imposing the constraints in the well known construction 
of the contact structure on Brieskorn manifolds [23L IIP] . It is well known that all 



CONTACT FLOWS AND INTEGRABLE SYSTEMS 



5 



trajectories of tlie corresponding Reeb flow are closed, and, therefore, the system is 
integrable in a noncommutative sense. Here, we describe the Jacobi bracket within 
the corresponding Lie algebra of integrals (Theorem 15. 1|) . 

Further, for a class of the Brieskorn manifolds diffeomorphic to the standard 
spheres 5"^™+^, m e N, and contact flows studied by Ustilovsky |30j . we prove con- 
tact noncommutative integrability of the flows, with generic invariant pre-isotropic 
tori of dimension to + 1 (Proposition 15. 4p . 

Finally, we note that the integrability of the Reeb flow on a sphere 5*^""*"^ 
is a particular case of the integrability of the Reeb flows on compact iiT-contact 
manifolds fProposition 16. ip . 

2. The Maupertuis Jacobi principle and integrable contact flows 

2.1. Hypersurfaces of contact type. Let (P, w) be a symplectic 2n dimen- 
sional manifold. Let H he a. smooth function on P. Consider the Hamiltonian 
equation 

(2.1) x = Xh, 
where the Hamiltonain vector field Xh is defined by 

(2.2) ixM-)=^{XH,-) = -dH{-). 

The Hamiltonian H is the first integral of the system. Let M be a regular 
connected component of the invariant variety H — h {dH\M 7^ 0). 

Since di?(^) = 0, ^ G T^M, from (j2.2D we see that Xh generate the symplectic 
orthogonal of T^M for all a; € M - the characteristic line bundle Cm of Af . It is 
exactly the kernel of the form lu restricted to M: 

Cm = {^e T^M I uj{i, T,M) ^ 0, x e M}. 

Note that Cm is determined only by M and not by H. If F is an another Hamil- 
tonian defining M, M C F~^(c), dF\M ^ 0, then the restriction of Hamiltonian 
vector fields Xh and Xp to M are proportional. 

An orientable hypersurface M of a symplectic manifold (P, co) is of contact type 
if there exist a 1-form a on M satisfying 

where j : M ^ P is the inclusion, see Weinstein [32j . If (M, a) is of contact type, 
since C = ker ujm , the kernel of a 

•H = {C e T^M I a(0 = 0, a; G M} 

is a (2n — 2)-dimensional nonintegrable distribution on which da = w is nondegen- 
erate. Consequently, aAda""^ is a volume form on Af and {AI,H) is a co-oriented 
contact manifold. 

Note that, since the corresponding Reeb vector field (II. ip is a section of ker da, 
it is proportional to Xh\m- Therefore, the Reeb fiow, up to a time reparametriza- 
tion, coincides with the Hamiltonian flow restricted to M. In particular, a closed 
Reeb orbit is a closed orbit of the Hamiltonian flow, which was the motivation for 
introducing a concept of contact type hypersurfaces |32j . For example, by using 
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the contact homology, an estimate of the number of closed orbits for the restricted 
3-body problem is recently given in [1] . 

2.2. Example. Let (P, w — da) be an exact symplectic manifold and let M be 
a regular component of an isoenergetic surface H~^{h). If a{XH)\M 7^ then M is 
of contact type with respect to a. Then a has no zeros in some open neighborhood 
of M. 

Suppose that the 1-form a has no zeros in some open neighborhood of M. 
Then, from the nondegeneracy of w, there exist a unique vector field E such that 

(2.3) — OL. 

The vector field E has no zeros. From Cartan's formula, the condition igo; = a is 
equivalent to Leo; = w, i.e., E is the Liouville vector field of uj. 

A regular connected component M of an isoenrgetic surface H'^^{h) is of con- 
tact type with respect to a if and only if the Liouville vector field defined by (|2.3p 
is transverse to M, i.e., E{H)\m (e.g., see Libermann and Marie [22]). It can 
be shown that the Reeb vector field is given by 



(2.4) Z^XH/EiH)\ 



M 



(e.g., see |19| V For example, the Reeb vector field Z coincides with the restrictions 
to M of Hamiltonian vector fields of functions 

(2.5) ^" = i(^ (HoIm^O), 

(2.6) Hmj = ^,^_fH+\E{H) ^ 

The transformation H i — > Ho is a variation of Moser's regularization of Ke- 
pler's problem |25L 119) . On the other hand, given a natural mechanical system 

(2.7) H{q,p) = l{p,p) + V{q) = i^A->,p^ +y(5), 

ij 

and a isoenergetic surface = H~^{h), h > maxg V, the function (|2.6p 

HMj{q,p) = {p,p)/{Mh-Viq)) 



„2 



is the Hamiltonian of the geodesic flow of the Maupertuis-Jacobi metric dsj^jj — 
2{h — V{q))ds^ on Q. Here a = pdq is the canonical 1-form and E = 'Y^^Pid / dpt is 
the standard Liouville vector field on T*Q{q,p). 

Furthermore, in the case of the natural mechanical systems, a compact regular 
component M of the isoenergetic hypersurface H~^{h) is always of compact type. 
It is clear when h > maxg V . In general, if ft, < maxg V, then we can perturb the 
canonical 1-form pdq by a closed 1-form form /3, such that AI is of contact type 
with respect to pdq + (3 (e.g., see [16]). 
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2.3. Integrability of the Reeb flow. It is well known that the standard 
metrics on a rotational surface and on an ellipsoid have the geodesic flows inte- 
grable by means of an integral polynomial in momenta of the first (Clairaut) and 
the second degree (Jacobi), respectively i2j. The natural question is the existence 
of metrics on a sphere S'^ with polynomial integral which can't be reduced to a li- 
near or a quadratic one. The first examples, the Kovalevskaya dsj^ and Goryachev- 
Chaplygin dsQQ metrics with additional integrals of 4-th and 3-th degrees, are given 
by Bolsinov, Kozlov and Fomenko (see Namely, the motion of a rigid body 

about a fixed point in the presence of the gravitation field admits 50(2)-reduction 
(rotations about the direction of gravitational field). Taking the integrable Ko- 
valevskaya and Goryachev-Chaplygin cases we get the integrable systems on T*S^. 
The metrics dsj^ and dsQ^ are then the appropriate Maupertuis- Jacobi metrics on 
the sphere. 

The following statement is a contact generalization of the construction given 
inm. 

Let {•, •} be the canonical Poisson bracket on a symplectic manifold (-P, w). 

Theorem 2.1. Suppose that the Hamiltonian equation (j2.ip are completely in- 
tegrable in a noncommutative sense with respect to the integrals Fi = H, . . . , i^2n-r 
satisfying (jl.6p . Let M = H~^(h) he a contact type hypersurface, such that the 
restrictions F2\m, ■ ■ ■ ,F2n-r\M are independent. Then the Reeb flow on M is con- 
tact completely integrable in a noncommutative sense with respect to the integrals 

F2\m, . . ■ , F2n^r\M- 

Proof. Let j : M P be the inclusion and a be a contact form on M, such 
that j*uj = da. First note that fi — Fi o j, i — 2, . . . , 2n — r are integrals of the 
Reeb flow 

X ^ Z. 

Indeed, since XniFi) — and the Reeb vector fleld Z is proportional to Xh 
{j*^H — Xh), we have Z{fi) = 0, i = 2, . . . , 2n — r. That is, dfi are semi-basic 
forms on M, or in terms of the Jacobi bracket (|1.5p : 

[l,/,] = 0, i = 2,...,2n-r. 

We shall prove [fk^fi] = 0, z = 2, . . . , 2?! — r, k — 2, . . . ,r. We have 

(2.8) [A,/.] = Yf,{fi)-f,Z{fk)^Yf,{f,) 

- {fkZ + a^{dfk)){f^) = a^idfM). 
Recall that Yf^ = a^{dfk) is a horizontal vector field {a{Yfi_) = 0) defined by 

(2.9) ty^ da = -dfk. 

J k 

On the other hand, the Hamiltonian vector field Xp^ is tangent to M and satisfies 

(2.10) ix^^uj^~dFk. 

By taking the pull back of (|2.10p and combining with (|2.9p we get 

Yf, - Xf, C ker da, j^Xp, = Xp, \m, 
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i.e., 

^/fc = ^Ffc + PkZ, 

for a certain function pk : — > M. 

Therefore, from (j2.8p and (jl.6p we obtain the required relations: 

= fXF,{F,)=f{E,,Fk} = Q, 
for z 2, . . . ,2n - r, fc = 2, . . . ,r. □ 

2.4. Example. Below we give the example of an integrable contact flow, 
which is not the geodesic flow of a Maupertuis-Jacobi metric. 

Consider the simplest (noncommutative) integrable system on the standard lin- 
ear symplectic space (R^"+^(g,p), dphdq): the system of ri + 1 harmonic oscillators 
with the Hamiltonian 

n 

(2.11) Ho = Y.—{qUpf\ 

i=0 * 

where are positive numbers. 

If instead of the canonical 1-form pdq^ we take 

n ^ n ^ 

(2.12) Qfo = ^Pidq, ~ -^dC^p.q,) = -j^Ptdqi - q^dp^, 

i=0 1=0 i 

then dao = d{pdq) = dp A dq and the only zero of is at the origin 0. The 
corresponding Liouville vector field is 

^ Iv- d d 
^=2^'^'%+P^5^- 

Let 

n ^ 

i=0 * 

We have E{H())\e^ — h ^ 0. Therefore, Eh is of contact type with respect to 
Qfo- According to (|2.4p . the Reeb vector field on {Eh,ao) is given by 

(2.13) 

The contact ellipsoid {Eh,ao) is contactomorphic to the ii'-contact structure 
on a sphere 5^"+^ [3 3) (see Section 4). In particular, for oq = ai = • • • = a„ = 1, 
we get the standard contact structure on the sphere S^"^^ — Hq^Qi), where the 
characteristic line bundle defines the Hopf fibration. 

Lemma 2.1. The standard linear action ofU{n + l) on R2"+2 = C"+^ (p + iq = 
z) is Hamiltonian with the momentum mapping 

$ : R2"+2 u(n + 1) = u{n + 1)*, $(g,p) ^ p A q + i{q q + p ® p). 
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Here u(n + 1) is identified with u(n + 1)* by the use of the product proportional 
to the Killing ionn:{^,ri) = — itr(^77). 

The Hamiltonian (|2T1|) . for flo = fli = ■ • ■ = a„ = 1, is a collective function - 
the pull-back of a linear Cazimir function 

^o(0 = -^tr(eC), C = diag(*,...,z) 

via the momentum mapping Note that $(R^"+^) is the union of singular adjoint 
orbits. For {q,p) ^ 0, the orbit through ^{q,p) is difFeomorphic to a complex 
projective space CP" = U{n+ 1)/U{n) x U{1). On the other hand, the orbits of 
U{n + l)-action on ]R^"+^ for {q,p) ^ are the spheres HQ^{h). 

Let us take an arbitrary integrable system on u(n + 1). For example, consider 
the Gelfand-Cetin system that is defined by the filtration of Lie algebras (e.g., see 

m) 

u(l) Cu(2) C ••• Cu(n + 1). 

Let ^u(fe) be the projection of ^ to u{k) with respect to the scalar product (•, •). 
The Euler equation 

with the Hamiltonian 

1 " 

is completely integrable. Note that the U{n + l)-action is multiplicity free, so the 
system with collective Hamiltonian H — K o ^ is also integrable and we need only 
Noether integrals for complete integrability [15 . Indeed, we have 

n 

(2.14) H^Y.^M<1,P). 
where 

1 

Hk = 2 '^^(i + Pif + 51 + + ('J'iK - P^qif, k = 0,...,n 

i=0 Q<i<j<r 

are commuting integrals of the system. If parameters Aq, . . . , (r < n) are equal to 
zero, then the momentum mapping $u(r-i-i) of the U(r + l)-symmetry is conserved 
and the system is integrable in a noncommutative sense. 
Let 

S : H = h=^0. 

It is an algebraic surface of degree 4. Since E{H) — 2/i|5], S is of contact type and 
the Reeb flow is Z = {2h)-^XH\T.- 

We can summarize the considerations above in the following statement. 

Proposition 2.1. The Reeb flow on E is completely integrable. 
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Similarly, let a compact connected Lie group G acts in a Hamiltonian way on a 
symplectic manifold {P,i-^) with the equivariant momentum mapping $ : P — s> g*. 
Let ii" : 0* — !■ R be a Hamiltonian function such that the Euler equations 

(2-15) A = -ad;j^(^)^ 

are completely integrable on general co- adjoint orbits ©(/i) C $(M) with a set 
of Lie-Poisson commuting integrals fi, i — 1,...,N, N — dimC'(/i). Then the 
Hamiltonian equations on P with a collective Hamiltonian function H = K o ^ are 
completely integrable (in the non-commutative sense). The complete set of first 
integrals is 

{.Uo^\z^l,. ..,N} + C^{P), 

where Cq{P) is the algebra of G-invariant functions [8]. Thus, if a isoenergetic 
hypersurface M = H~^{h) is of a contact type, the associated Reeb vector field 
will be completely integrable. 

3. Isoenergetic and partial integrability 

We can say that Theorem 12.11 is something that one could expect. Now we 
formulate slightly unexpected statement. 

Theorem 3.1 (Isoenergetic integrability). Let M = H^^{h) he a contact type 
hypersurface. Suppose a collection of functions Fi—H,... , P2n-r satisfy (II. 6p on 
M and that the restrictions F2\m, ■ ■ ■ ,F2n-r\M are independent. Then the Reeb 
flow on M is contact completely integrable in a noncommutative sense with respect 
to the integrals F2\m, ■ ■ ■ ,^2n-r|A/- The regular compact connected components of 
the invariant level sets 

(3.1) H = Fi ^ h, F2=C2, F2n-r=C2n-r 

are invariant isotropic tori of (P, uj) ( or pre-isotropic tori considered on {M, a) ) 
and the dynamics x — Xh is proportional to the quasi-periodic dynamic of the 
Reeb flow on M . 

Proof. As in the proof of the usual noncommutative integrability, from 

XfAFj) = {F,,F,} = 0\m, i = l,...,r, j = l,...,2n-r, 

we have that Xp., i = 1, . . . , r are tangent to the invariant sets (j3.ip . Also, if T 
is regular component of (|3.ip . from the dimensional reasons, its tangent space is 
spanned with Xp^,i = l,...,r. This is an isotropic manifold since 

ojiXF,,XF^) = {F,,F,} = 0\m, 1,3 ^ I,..., r. 

It is a nontrivial fact that T admits a transitive R'"-action and therefore it 
is diffeomorphic to a r-dimensional torus. This, together with a noncommutative 
integrability of the Reeb flow, follows from the proof of Theorem 12.11 where we 
used the relations (|1.6p only restricted to M. □ 

In particular, for n — r we have the isoenergetic version of the Arnold-Liouville 
theorem: 
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Corollary 3.1 (Isoenergetic Arnold-Liouville theorem). Let M = H^^{h) 
be a contact type hyper surface. Suppose a collection of functions Fi — H, . . . , Fn 
Poisson commute on M 

(3.2) {F„Fj}^0\m 

and that the restrictions -P^U/, ■ • • , ^mIm o-fe independent. Then the Reeb flow on 
M is contact completely integrable with respect to the integrals F2\m, ■ ■ ■ , Fn\M ■ 

Thus, the system not need to be integrable on the whole phase space, while 
the isoenergetic hypersurface M is foliated on Lagrangian tori, or pre-Legendrian 
in the contact sense. In a neighborhood of a torus, there exist contact action- 
angle coordinates {9o, . . . , 9n~i,yi, ■ ■ ■ , Vn-i), such that yi depends on the integrals 
F2\m, ■ ■ ■ ,Fn\M, the contact form has the canonical form yo{yi, . . . ,yn-i)d9o + 
yidOi + ■ • • + yn-idOn-i, and in which the Reeb vector field is linearized 

7 d ( dyo\ 1 dya 

Although the problem of existence of polynomial in momenta first integrals for 
natural mechanical systems, on a fixed isoenergetic hypersurface, is well known and 
goes back to Birkhoff [4l [5] (the examples are given by Yehia, see |34j and references 
therein), to the authors knowledge, the formulation of the isoenergetic integrability 
was not given yet. An another approach to the integrability on invariant manifolds 
is given by Nekhoroshev |28l I29| . 

Next, note that we only need to have relations p.2p on a fixed hypersurface 
M = Fj~^(c) to conclude that M is foliated in invariant tori. 

Corollary 3.2. Suppose that a Hamiltonian system x ~ Xh has n — 1 com- 
muting integrals Fi = H, F2, . . . , Fn-i and an invariant relation 

S : Fo = 0, 

that is, the trajectories with initial conditions on E stay on S for all time t. If Yi 
is of the contact type manifold and if it is invariant for all Hamiltonian flows Xp. , 
then the compact regular components of the invariant varieties 

Fo = 0, H = Fi=ci, F2 = C2, F„_i = c„_i 

are Lagrangian tori. 

The situation is closely related to a notion of a partial integrability and systems 
of Hess-Appel'rot type introduced by Dragovic and Gajic |12| (see also |17L I13j ). 

3.1. Remark. If we are interested in the dynamics in the invariant neighbor- 
hood ?7 C i\/ of the regular compact invariant level set p.ip (with the property 
dFi A- • ■ AdF2n-r 7^ 0\u), then instead of the condition that AI is of contact type in 
Theorem 13.11 we can assume slightly weaker condition that U is of compact type. 
Then we have contact integrability of the Reeb flow restricted to U. Similarly, the 
invariant relation E in CoroUarv 13 . 21 does not need to be of contact type. 
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3.2. Example. A classical example of a partially integrable system is the 
Hess-Appel'rot case of the heavy rigid body motion around a fixed point. The 
phase space is the cotangent bundle of 50(3). In Euler's angles ((/?, 0, V'), the 
Hamiltonian of the system can be written in the form 

H = i (aMf + aM| + 6Af| + 2CM1M3) + k cos 9, M3 = 

Ml = (p^ - p^ cos 9) + pe cos ip, M2 = ^^^^ (p^ - Pw cos 9) - pe sin ip. 
sin9 sm9 

The system has two integrals, the Hamiltonian function H and the Noether 

integral Mz = p^p corresponding to the symmetry of the system with respect to the 

rotations around the vertical axes Cz. Also, the system has the invariant relation 

S : Afg = = 0. 

Since the Hamiltonian flow of the function M3 is given by the vector field X]\j^^ = 
d/difi (rotations of the body around the axes 63 fixed in the body), we see that E is 
not of the contact type with respect to the canonical 1-form p^dLp + pgd9 + p^dip, 
but it is of the contact type with respect to the perturbation of the canonical 1-form 
by a closed 1-form dip: 

a — pipdip + pgd9 +p^d^p + dip, a{XM3) = 1- 

Further, since {A^3, Af2} = {p^,Pjf,} — 0, from Corollarv l3.2l we obtain that the 
regular connected invariant level sets 

H = h, Mz = c, M3 = 0, 

are Lagrangian tori. This is well known and can be seen directly from the fact that, 
after confining to E, the Hamiltonian of the Hess-Appel'rot case coincides with 
the Hamiltonian of the integrable Lagrange case of the heavy rigid body motion. 
However, the dynamics on E of the Hess-Appel'rot system is quite different from 
the one of the Lagrange top. 

4. Contact systems with constraints 

A contact submanifold of the contact manifold {M^T-Lm) is a triple {NjI-Lnt j), 
where {N,TLn) is a contact manifold and j : — > Af is an embedding such that 
jTH^m) =H7V. 

Let (Af, a) be a co-oriented contact manifold and j : N ^ M an embedding. 
If we define 

nN^{Xe tn\j4X) e -Rm} = j-^Um), 

then T-Ln — ker(j*a). The distribution "Hat is of codimension one, if N is transverse 
to T-Lm- In order to induce a contact structure on N it is also necessary that dj*a 
is non-degenerate on {T-Ln)x, for all x (z N. To summarize, {N,j*a) is a contact 
co-oriented submanifold of (Af, a), if N is transverse to T-Lm and if dj*a is non- 
degenerate on ker(j*a). 

We derive a contact version of Dirac's construction which deals with constrained 
Hamiltonian vector fields on symplectic manifolds (e.g., see [26]). 
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Theorem 4.1. Let (A/, a) be a {2n + 1)- dimensional co-oriented contact man- 
ifold, Gi, . . . , G2k smooth functions on M , 

(4.1) N = {xeM\Gi{x) = ...^ G2k{x) = 0}, 
and j : N ^ M be the corresponding embedding. 

(a) If[l,Gj]^Q\N, j = l,... ,2k and 

(4.2) det{[Gj,G,])^0\N 

then (N,j*a) is a contact submanifold of (M, a) with the Reeb vector field that is 
the restriction of the the Reeb vector field Z of (M, a) . 

(b) Let f be a smooth function on M and 

2 k 

i=l 

Then the system 

(4.3) dG,(iy/) = y/(G,)-^A,rG.(G,) = 3 = I,..., 2k 

i 

has a unique solution Ai — Ai(/), . . . ,X2k = ^ikif) on N. For the given multipli- 
ers, 

y; = Wf 

is the contact Hamiltonian vector field of the function f restricted to N . Lf g is any 
smooth function on M , the Jacobi bracket between the restrictions of f and g to N 
is given by 

(4.4) [f\N,g\N]N = [f,g]+J2[G„g]A,[G,,f], 

where Aij is the inverse of the matrix {[Gi, Gj]). Ln particular, if either Yf or Yg 
is tangent to N, then [f\N,g\N]N = [f,g]- 

Proof, (a) From the conditions [l,Gj] = OIat, j = l,...,2k and (|4.2p . it 
easily follows that dGi, . . . ,dG2k are linearly independent semi-basic forms on N, 
and that the Reeb vector field Z is tangent to N. Hence TV is a submanifold 
transverse to T-Lm- 

Let T-Ln — {£, (z TxN I a{C) = 0}. We need to prove that da is non-degenerate 
on T-Ln, i-e. that T^^v is a simplectic subbundle of T-Lm- Owing to dimHM — 2n, 
dim Hat = 2n — 2k, we obtain that the dimension of the symplectic orthogonal to 
Hn within Hm equals 2k. 

Since dGi, . . . ,dG2k are independent semi-basic forms on N, we have that 
Z,Ygi, ■ ■ ■ ,^026 1 Ygi, ■ ■ ■ ,YG2i. are linearly independent vector fields on N. 
Whence, from 

daiYG^,X) = -dGj{X) = 0\N, XeTiN, 
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we see that orth-Hj,^ Hn is spanned by Yqi i ■ ■ ■ , ^G^k ■ The relations 

and (j4.2p yield that orth-H„ T-Ln is symplectic, hence Hat is symplectic as well. 

Since Z is tangent to iV, it is obvious that Z\m is the Reeb vector field of 
{N,j*a). Also, note that we have the following decompositions of T^M at x G iV: 

(4.5) T^M = © Hm^ ^Z^(B -Hnx © orth«^, Hn^ = T^A^ © orth«„ Hat^. 

(b) According to (jl.Sp , we can write the equations for multipliers (|4.3p in terms 
of the Jacobi brackets 

(4.6) ^A,[G„G,] = [/,Gj], j = l,...,2fc, 

where we used Ia? = 0, j — 1, . . . , 2fc. 

Thus, (|4.3p has a unique solution on N, 

A,(/) = ^A,,[/,G,], 
i 

determining the projection Wf of Y/ to TN with respect (|4.5p . From 

2k 

we obtain that the contact Hamiltonian vector field of /Iat reads 

= - E - (aiYf) - J2 aiKif)YG,))Z + fZ 

i i 

= Yf-Y,Mf)YG.-{.f-Y.^df)G^)Z + fZ 

i i 

= i/-^A.(/)rG.. 

i 

Finally, let ^ be a smooth function on M . Then 
[f\N,9\N]N - Y;{g)-gZ{f) 

= Yf{g) ~ gZ{f) ~Y.^,^f)^GA9) 

i 

= [f,g]-J2\^{f)[G,,g] 

i 

- [f,g] + J2[G^.g]A.,[G,J]. 

□ 
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Now, let us consider a general situation, when the Reeb vector field Z of (M, a) 
is not tangent to a contact co-oriented submanifold {N,j*a). Then, analogous to 
(|4.5p . we have the decompositions of T^M at the points x E N: 

(4.7) = Zl ® Hn X ® ovt\in„ Un. ^ ^ T^N ®ovthnM'H-N^. 

where Z* is a linear subbundle of TN spanned by the Reeb vector field Z* of 
{N,j*a). For a given smooth function / on M, the contact Hamiltonian vector 
field of /I AT reads 

r; = Wf + fz* = Wf - a(Wf)z + fz\ 

where Wf is the projection to TN of Yf with respect to the decomposition (j4.7p . 

If N is given by (14.11) , then we have the same condition (j4.2l) on the constraints 
Gi, . . . , 02*; and the same equations (|4.6p determining the multipliers Ai, . . . , A2fe, 
while the expression for the Jacobi bracket (|4.4I) is different: 

[/U,5U]w = r;(5)-.gZ*(/) 

= Yfig) - E ^'(/)^G.(5) - (/ - E A,(/)G.)Z(.g) + /^*(.9) - 9Z*{f) 

i i 

= [f.9]+9Z{f) - fZ{g) + fZ*{g)-gZ*{J) ^ X.,{f)YGA9)- 

i 

4.1. Integrability of the Reeb flows. Suppose that the Reeb flow 

i^Yi^ Z 

on a contact manifold (Af^"+^, a) is integrable by means of integrals /i, /2, . . . , f-zn-r 
satisfying (11.71) and let Mreg denote a open set foliated on invariant pre-isotropic 
tori of dimension r + 1. In addition, assume that the system is subjected to the 
constraints (j4.ip satisfying conditions of Theorem 14.11 

Since the Reeb vector field on N is the restriction Z\n, it is clear that, in 
the case Alreg H TV is an open dense set of N, a generic Reeb trajectory on N 
will be quasi-periodic. However, as the example with the Reeb flow on a Brieskorn 
manifold suggests (see the next section) , the restricted flow not need to be integrable 
by means of integrals obtained by the restrictions of /i, /2, . . . , /2n-r to N. 

Denote the foliation of Mreg on invariant pre-isotropic tori by J-. Then is a 
a-complete pre-isotropic foliation and we have the following flag of foliations 

(4.8) g = Tn'HM c T = z®g c £ ^ z (B oTth-H,, g 

Let J-jv be the foliation given by the level sets fi{x) ~ Ci, i — 1, . . . ,2n — r, 
X £ Nreg, that is Fn = J-\n ^ TN (if necessary, in order to obtain a foliation, we 
restrict functions to some open dense set of Nreg)- Further, let g^j — Fn HHn = 
^|jv n 'Hjv be an isotropic foliation of Nreg- Then the Reeb flow is integrable by 
means of integrals /i|jv, ■ . ■ , f2n-r\N if the distribution 

f AT = Z © orth-Hjv gN 



16 



BOZIDAR JOVANOVIC AND VLADIMIR JOVANOVIC 



is a foliation (see 1181 ). We have 

= Z® pr^^ (orth^jv, G) = Wtn{2. © orth^^^, G) = Wtn 

where pr-^^ and Wtn denote the projections with respect to the decompositions 
of TM given in 

In particular, if is tangent to N [J-^q — J'\n)i then is a-complete 
preisotropic foliation and the Reeb flow on N is integrable. Indeed, in this case Ej^ 
is an integrable distribution since G\n C Hn implies 

pr„^ (orth^^j^j = orth-Hj_f n "Hat and pr £ = £ n TiV. 

For example, if the generic Reeb trajectories in N^eg are everywhere dense over 
the r + 1-dimensional isotropic tori then it is obvious that Fn — J~\n- 

5. Contact flovifs on Brieskorn manifolds 

In Section 2 we started from a system of identical Harmonic oscillators, and 
gave a simple construction of a contact hypersurface in (R^"+'^(g,p), dp A dq) with 
a integrable Reeb flow associated to the Gefand-Cetin system on u{n + 1). 

In this section we are going into a different direction. We also start from a 
system of harmonic oscillators but then change our contact manifold im- 

posing the constraints in the well known construction of the contact structure on 
Brieskorn manifolds [231 llOj . 

5.1. Complete contact integrability on a sphere. In this section we use 
the identification C"+i = ]R2"+2, = xj + iyj, (j = 0, . . . , n). Let 

71 

F(z,z) = ^|z,f. 
j=o 

Then the unit sphere 5"^""^^ may be expressed as the level surface F — 1. 
In |33j , the following basic examples of iiT-contact manifolds are given: 

Proposition 5.1. Let aj (j — 0, . . . ,n) be positive real numbers and 

n 1 ^ 

a = - ^ ajizjdzj - Zjdzj) = ^ XI '^o^^o^Vj ~ Vjdxj). 
j=o j=0 

Then (5^"+^, a) is a co-oriented contact manifold with the Reeb vector field 

(5.1) z^4^f]lL■A-z,Ay 

V dzj 'dzj 

Note that the coordinate transformation 
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transforms the contact ellipsoid (i?i/4,ao) to the contact sphere (5^"+^, a). Now, 
the contact integrability of the Reeb flow on (5*^"+^, a) directly follows from The- 
orem [2lll However, it is instructive to have a direct proof as well. 

Proposition 5.2. The flow induced by the Reeb vector field (j5.ll) is completely 
contact integrable on {S'^^~^^,a) and the functions 

(5.3) /j(z) = |z,f, j = 0,...,n 
are its commuting integrals. 

Proof. Let 

From 

4i _ 

Zjj = dfj{Z) = {zjdzj + Zjdzj){Z) = — (zjZj — ZjZj) = 

Oj 

and dFiYj) — ^{zjzj — ZjZj) — 0, we conclude that fj are integrals of (|5.ip and 

that Yj are tangent to 5*^"+^. Since 

iYjda = —{zjdzj + Zjdzj) = —dfj 

and ct{Yj) — fj, it follows that Yj are the contact Hamiltonian vector fields of the 
functions fj. Whence, from (|1.5I) . we obtain 

WJk] = Yjfk = dfk{Y,) = 0, j, fc = 0, . . . , n. 

Obviously, the functions /j, j = 0, . . . , n are independent on the open dense 
subset U — {(zq, . . . , Zn) I zo • . . . • =^ 0} of C"+^, while the restrictions of fj, 
j = to 5^""'"^ are independent on S''^"+^ n U. Formally, in the polar 

coordinates 

(5.4) zj=rje''^^, j = 0,...,n, 

we have dF Adfi A - ■ ■ Adfn ^ 2"+^rori . . . r„dro A dri A • • • A rfr„ ^ 0\u. Therefore, 
df I A ... A dfn ^ 0|52„+in[/, considered as a n-form on 5^"+^. □ 

Consider a (n + l)-dimensional invariant torus 

(5.5) T,: fo = cl c2 + c2 + ... + c2 = 1 

that lay in n J7 (cq, . . . ,c„ > 0). After a coordinate change (|5.4p . the Reeb 

dynamics on Tc is given by 

4 

= — : J=0,...,n. 

If luq, uji, . . . ,ujn (that is, oq, oi, . . . , a„) are independent over Q, then the tra- 
jectories are everywhere dense over T^. In general, if among uiq, oji, . . . , cli„ we have 
r independent relations 

Pk : TOqWo -I- • • • -I- m'^ujn = 0, G Z, fc = 1, . . . , r. 
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the dimension n + 1 — r of the closure of trajectories laying on Tc is equal to the 
rank of (5"^"+^, a) considered as a if-contact manifold |33j . 

5.2. Reduction to Brieskorn manifolds. Now, let aj [j — 0, . . . , n) be 

positive integers. Then the rank of (5"^"+^, a) is equal to 1, and the Reeb flow 
induces a circle action. 

Let G{z) = YJ-=o Zj' ■ The set 

B^{ze C"+i : F{z, z) = 1, G{z) = 0} 

is known as Brieskorn manifold and {B,a) is a co-oriented contact manifold with 
the Reeb vector field (jS.ip (see [23J). Therefore, obviously, the system is integrable 
in a noncommutative sense. 
Note that 

Z{G) = 4i-G, 

implying 

(5.6) [Gi,l] - [G2,l] = 0|b, 

as well as [Gi,G2] 0\b (see the equation (|5.7I) below). Here, we denoted 

Therefore, the construction presented in Theorem 14.11 provides an alternative proof 
of the fact that {B, a) is a co-oriented contact manifold. 

In what follows we shall describe the Jacobi breckets [f,g]B within the Lie 
algebra of integrals of the Reeb flow. 

Lemma 5.1. Define 




Then Vi{z), V2{z) are tangent to 5''^"+^ for all z E B. The restrictions to B of the 
contact Hamiltonian vector fields Yq^ on (5^"+^, a) are given by VjIb, j = 1,2. 

Proof. We have 

n n 
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which proves the first assertion. Now, 

n 

lYc^ da = ivi dot = - CLjdzj A dzj [Vi , ■) 



3=0 
n 

I 
4 



- ^ aj{dzj{Vi)dzj ~ dz,{Vi)dzj 



3=0 

1 

3=0 

-dGi, 



1 " 



and similarly for dG2- D 
Theorem 5.1. Let f and g be are integrals of the Reeb vector field (jS.ip . Then 

where [•, -Js is i/ie Jacobi bracket on {B,a), [•, •] is the Jacobi bracket on (5"^"+^, a) 
and 

n n 
3=0 3=0 

Proof. Let Yf, Yg^ , Yg2 be the contact Hamiltonian vector fields on (5^"+^, a) 

and 

Wf=Yf-\iYG,^\2YG,. 

Taking into account (jl.Sp . (j5.6p . and Lemma [5Tl we have 

(5.7) [Gi,G2]^YG,G2^dG2{YG,)^dG2{Vi)=ii^{)\B. 
Theorem 14. II implies that the system 

(5.8) dGi{Wf) = dG2{Wf) = 0, 

has a unique solution and Yj ~ Wf is the contact Hamiltonian vector field on 
{B,a). In particular, (|5.8p leads to 

(5.9) A, ^ A. ^ 
and since Z{f) = Z{g) = 0, we get 

= |,.,H(-^M]i)v,. + ^ii2i),.,.), 

V M i^ J 

Finally, from 

dG,{Yf) - -da(rG,, i^) = -da{V,,Yf) = l^) = -rf/(y,), j - 1, 2, 

we conclude the proof. □ 
Corollary 5.1. The integrals (|5.3p rfo not commute on (B,a). 
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Proof. From d/, (Fi ) = 2i(zf -zj^), df,{V2) - -2(z;^ +zf ) and = 0, 

we obtain 



[fjJk] 



— ^7 at. o.j —ai. 



for j ^ k. 



□ 



Proposition 5.3. The complete noncommutative set of integrals of the Reeb 
flow on the Brieskorn manifold (B, a) is given by fj, [fj, fk]B, j, k — 0, . . . ,n. 



Proof. The integrals fj and 



^k 



-Q-k 

^,^k 



provide a complete set of noncommuting integrals for the Reeb flow on 5'^"+-'^ (their 
level sets are the Reeb circles). Therefore, after their restrictions to the Brieskorn 
manifold B, we get a complete set of integrals for a Reeb flow on B. 

Indeed, consider a torus (|5.5p and a coordinate change (|5.4p . The integrals fj^k, 
restricted to Tr, 



• dj ai- 



Jia.kVk-a.jipj) 



-i(akipk-ajipj) 



correspond to the rational relations 

Pj^k ■ m.jUSj + rukUSk = 0, ruj = a-,, ruk = ttk- 

Since among pj^k we have n independent relations, among fj^T^ we have n 
independent functions. Thus, among fj,fj,k we have 2n independent functions on 
^2n+i^ that is 2?! — 2 independent functions on S. □ 

In |30j . Ustilovsky studied the Brieskorn manifolds {Bp,ap) with 
(5.10) ao=p, ai = --- = a„ = 2, 

where n = 2m + 1 and p = ±1 ( mod 8). The manifold Bp is diffeomorphic to 
a standard sphere ^"'"i+i and as shown in [30] . for pi ^ P2, the contact 

structures "Hp^ = kerctpi and Hp^ = kera^^ are not isomorphic. The proof is based 
on the study of periodic trajectories of the Reeb flow of the perturbed contact form 
jjCip, which is equal to the contact flow 



(5.11) 

on {Bp,ap), where 



r, 



H 



H = F 



< e, < 1, j = 1,. 



, m. 



gj = iiz2jZ2j + l - Z2jZ2j+l) = 2{y2jX2j+l - y2j+lX2j)- 

From a point of view of integrability, we can consider the contact flow of H as 
an integrable perturbation of the Reeb flow. 
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Proposition 5.4. The contact flow (|5.11l) is completely integrable in a non- 
commutative sense. Generic invariant pre-isotropic tori are of dimension m + I, 
spanned by the Reeb flow and the contact flows of integrals gi, . . . , gm ■ 

Proof. Since fi^gj are integrals of the system of harmonic osciUators with 
conditions (|5.10p , after the coordinate transformation (|5.2p , from Theorem 12.11 we 
obtain the following commuting relations on (S"*™+^, ap): 





4 


= 0, 




= {Ho,9j}\ei 


= 0, 




^ {93Jo}\e, 

4 


= 0, 




= te^/illiJi 

4 


= 0, 




4 


= 0, 



where hj = f2j + f2j+i, j = 1, . . . , m. 
Next, since 

dgjiVl) = i{z2] + ldz2j + Z2jdz2j + l - Z2j+ldz2j - Z2jdz2j + l){Vi) 
= -2{-Z2j+lZ2j + Z2jZ2j + l + Z2j + lZ2j - Z2jZ2j + l) = 0, 



dgj{V2) = i(z2j + ldz2j + Z2jdz2j + 1 - Z2j+ldz2j - Z2jdz2j + l){V2) 
= -2i{z2j+lZ2j + Z2jZ2j + l ~ Z2j + lZ2j - Z2jZ2j + l) = 0, 

from Theorem 15. II we get the commuting relations on {Bp,ap) as well: 

[9i,9j]B^ = 0, [/o,5j]bp 0, [fi,gj]B^ = 0, 
[h^,gj]Bp^O, [gj,l]B^=0- 

Within the set of integrals of the Reeb flow, the Jacobi bracket of two integrals 
of the system (|5.1ip is both the integral of (|5.11l) and of the Reeb flow. Thus, we 
have a set of integrals 



(5.12) gj, hj =^ f2j + f2j+i, fo, fi, [fo,h 



[fi,h 



[hi, hj] 



that commute with g^, for all i,j,k — l,...,m. 

For the noncommutative integrability, it remains to note that among the inte- 
grals (j5.12p we have 3m independent functions, including gi, . . . , gm- Indeed, 

(5.13) dGi A dG2 AdF Adgi A ■ ■ ■ A dgm A dhi A ■ ■ ■ A dhm A dqi A ■ ■ ■ A dq,n ^ 

holds on an open dense subset of Bp. Here, since /i is an integral of the system, 
instead of [/i, /ij]_Bp we consider as in Proposition 15.31 the integrals 



9j ^ ^[h,hj]Bp = i 



-2 2 _ 2-2 
Zl Z2j ^1 Z2j 



+ i 



-2 2 _ 2-2 
^1^2j + l ^1^2j"+l 



. , m. 



The relation (|5.13p can be verified by straightforward calculations in the polar 
coordinates (j5.4l) . □ 
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6. Note on if-contact manifolds 

The integrability of the Reeb flow on a sphere fProposition l5.2p is a particular 
case of the integrability of the Reeb flows on compact iiT-contact manifolds. 

Let (M, a) be a (2n + l)-dimensional co-oriented contact manifold. Then da 
induces a symplectic structure on the contact distribution Ti — ker a. In this 
situation, there exist a positive definite metric g-u and an almost complex structure 
J onH, such that 

gn{X, Y) = da{X, JY), gn{JX, JY) = gn{X, Y), 

for all horizontal vector fields X and Y. 

The metric g g-^ ® (a a) on M is called an adapted metric to the contact 
form a. If there exists an adapted metric g such that the Reeb vector field is a 
Killing vector field 

Czg - 0, 

then we call {M, a, g) a K -contact manifold. For example, the Sasakian manifolds 
have a natural iiT-contact structure (e.g., see llOj). 

The following statement is a simple modification of Proposition 2.1 in Yamazaki 

m- 

Proposition 6.1. The Reeb flow on a compact K-contact manifold (M,a,g) 
is (noncommutative) contact integrable. 

Proof. The Reeb flow (p{t) is an one-parametric subgroup in a compact Lie 
group G of isometries of {M,g). It follows that the closure of {ip{t) 1 1 g M} in G 
is a torus T''^^ for some integer r. Thus, from ip(t)*a = a, we have s*a = a for 
all s G and (M, a) is a r+^-contact manifold (the number r -I- 1 is called the 
rank of (M,a,g) [33l[T0] ). 

Let ^ be in the Lie algebra t'"'^^ of T''+^. It induces a contact vector field X^ 
on M with a Hamiltonian = a{X^) (f : M ^ (f+i)*, f(0 := is known as 
a contact momentum mapping [211 llOp. Take a base ^o, ■ ■ • , of V~^^ such that 
Z = X^g, that is /j„ = 1. Since r"*"^ is Abelian, we have [X^. = and 

[f^^J^^ = 0, i, j = 0, . . .n. 

In a neighborhood of a generic point, the T'+^-action defines a foliation 
on invariant r + 1-dimensional tori. In particular, according to p.Sp . we have 
da{X^- , X(^. ) = 0, so the leafs of T are pre-isotropic and r < n. Let fr+i, ■ ■ ■ , f2n-r 
be integrals of F defined on an open dense set of M . Since Cx,= - {fi) = 0, we have 
[/i, 1] = 0, [fi, /^J = 0, 2 = r + 1, . . . , 2n - r, j = 1, . . . , r, which completes the 
proof. □ 
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